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IMPROVED ESTIMATORS FOR MOMENTS
CONSTRUCTED FROM OBSERVATIONS OF A MIXTURE
UDC 519.21

R. MAIBORODA AND O. KUBAICHUK

ABSTRACT. Procedures for improving weighted empirical distribution functions con-
structed from mixtures with varying concentrations are considered. The procedures
are such that the estimators of moments of the mixture components constructed
from weighted empirical distribution functions have specified properties (say, estima-
tors of the variance must not be negative). We prove that the moment estimators
constructed from improved weighted empirical distribution functions have the same
asymptotic behavior as those constructed from the original weighted empirical dis-
tribution functions.

1. INTRODUCTION

The model of a mixture with varying concentrations is often used to describe statistical
data. A sample =y = {&;.n,7 = 1,..., N} in this model (see [I]) consists of independent
random variables {;.; with distributions

M
(1) P{¢n <z} =Y wiiyHpy(x)

m=1

where H,, is the distribution function of the component m in the mixture, and w;.y is
the concentration of the component m in the mixture for the observation j.
We consider estimators for moments of distributions of components, namely

@) g = / o) Hy(dz)

where the function g is fixed, the concentrations of components are known, and the
distributions Hj, are unknown.

It is proposed in [2] to use the integral of g with respect to the weighted empirical
distribution function, denoted by Fx, as an estimator of Ji:

N
(3) Fy(z,a) = N Zaj‘N 1{¢.n <z}
j=1

where a;.n are nonrandom weighted coefficients chosen so that FN(:E, a) be a nice es-
timator of H,,(x). (For example, if a = a™ are the coefficients introduced in [I], then
Fxn(z,a) is the minimax estimator in the class of unbiased estimators for the quadratic
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risk function.) Thus the estimator for g becomes of the form

. 1 &
(@ i = [ o) Puldoa) = 1 Y asva(@m)

Unfortunately the weighted coefficients a;.y should necessarily be negative for some j if
one requires nice properties (unbiasedness, say) of the estimator Fy. As arule Fy is
not a probability distribution function in this case. This leads to some problems, say the
estimator for the second moment (g(z) = x?) can be negative, etc.

To avoid the problems mentioned above, a method to improve the weighted empirical
distribution function is proposed in [3]. For example, one can put

(5) F(2,a) := min <sup Fn(y,a), 1) .

y<z

It is easy to see that Fy (z,a) is a distribution function of a probability measure. Simi-
larly, one can consider

(6) i = [ o) Fildo.o)

as an estimator for g.

The aim of this paper is to study the asymptotic behavior of estimators (6) and similar
estimators as the size of the sample is increasing. The main result is that, under certain
assumptions, the estimators are normal with the same dispersion coefficient as that in
the case of estimators (). This, in particular, means that the asymptotic behavior of
improved estimators is not worse than that of the estimators ().

2. IMPROVED WEIGHTED EMPIRICAL DISTRIBUTION FUNCTIONS

Besides the estimator Fy; defined by (B) we consider some other improved estimators
of the weighted empirical distribution functions. We assume that all the estimators
defined below are continuous from the left and this corresponds to our definition of the
distribution function Fy of a random variable &:

Fe(z) = P{{ <a}.

However, there are some cases where it is convenient to deal with an improved function
continuous from the right. In such a case we “improve” an estimator by considering the
operator
L{f)(x) = lim f(y)
ylx

that substitutes the left limit of the function f for its value at any point of discontinuity
of f. Note however that this “improvement” has no sense from the point of view of the
discussion that follows, since all the weighted empirical distribution functions considered
below are of the form

1 N
N ij l{gj:]\] < LL'}
j=1

To use such estimators one only needs to evaluate the coefficients b; (algorithms for the
evaluation of the coefficients are described in [3]).
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Let

(7) Fi(w,a) = sup Fy(y,a),

®) Fioa) =L |nt Pl

(9) Fy (x,a) := max(Fy (z, a),0),

(10) Fﬁ(x,a) = % <}~7f\§(x,a) +F]§(m,a)) ,
F¥(z,a) if F(z,a) <1/2,

(11) Fi(z,a) = Fy(z,a) if Fy(z,a)>1/2,
1/2, otherwise.

In what follows the index * stands for any combination of symbols ~ or ~, with super-
scripts +, or —, or &+, that is, F*(z,a) can be any function of the form (&) or (0)—(TTl).

In the sequel we regard weighted empirical distribution functions as estimators of the
distribution Hj, (recall that this is the distribution of the kth component of the mixture).
The process

Bn(z) = By(z,a) := VN (FN(:c,a) — Hk(:c))
is called the empirical process for F‘N(x, a), while
By(z) = By(z,a) == VN (F}(z,a) — Hy(z))
is called the empirical process for the improved weighted empirical distribution function
F(z,a). A point x € R is called a point of growth of a distribution function H if
H(zx+6)—H(z) >0

for all § > 0. The set of all points of growth of H is denoted by supp H. By {(a)n we
denote the average of a row N of the matrix a. For example,

1 & 1
(a)n = N > aj, (ab)n = N > ajnbjn.
i=1 =1

We also put

(a) := NliinOO<a>N.

Theorem 2.1. Let
1) sup; v laj.n| < A < oo;
2) the average (w*w™(a)?) exists for allm =1,...,M;
3) the function H,, is continuous on R for allm=1,... M;
4) forallm=1,...,M
supp Hp, C supp Hy;

5) Fn(z,a) is an unbiased estimator of Hy, that is,
(aw™)ny = 1{k =m}
forallm=1,...,M.
Then there are random functions By (x) and By (x) such that

1. The distribution of By (z) coincides with the distribution of By(z), while the
distribution of B (x) coincides with the distribution of By ().
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2. We have

sup ‘B}‘V(x) - BN(x)| —0
zeR

in probability as N — oo.

Remark. To construct the processes By (z) and Bj (x) one needs, perhaps, to extend

the main probability space.

Proof of Theorem 2.1l The result for Bj\', is proved in Theorem 2 of [3]. Since

Fy(z,a)=1L [1 - FfEN(f:v)}

(by FfEN (z) we denote the improved weighted empirical distribution function (@) con-

structed from the sample —Z5 = (—&1.n, ..., —&n.N)), Theorem 2] for B;, follows from

its particular case for B]J(, Furthermore,

Fy(z,a) < Fy(z,a) < Fi(z,a) < Fy (z,a0) < FY (2, a).

Similar inequalities hold for Bj. This implies that Theorem [Z1] holds for B;,, B;{,,

and Bﬁ Theorem [2.1] for Eﬁ follows from the estimates

FJQ(:C, a) < Ff\,t(x, a) < ﬁ']f,'(ac, a). O

In what follows we need some results on the asymptotic behavior of By(z), Bf;(z),

and By (z) as * — o0 or £ — —o0.
Put

B M
(12) Hz) = 3 Hulo).

m=1

Theorem 2.2. If the assumptions of Theorem 2.1l are satisfied, then

|Bn ()]
supP{iliIZW>x\ —0 as A — oo,

N
B+
sup P sup_Ni)’ >Ap—0 as\— oo,
N w<b H(x)1/2-0
sup P < su B (@)l >Apy—0 as\A— o0
b b — 125 ,
N z>b (M — H(x))
B,
sup P < sup N(I>‘ >Apy—=0 asA—
— 1/2=5
N z>b (M — H(m))

for arbitrary b and 6 such that 0 < 6 < 1/2.

The proof of this theorem is given in Section [l

3. THE ASYMPTOTIC BEHAVIOR OF IMPROVED WEIGHTED EMPIRICAL MOMENTS

We noted above that the functions F (x,a) can be represented in the following form:

N
* 1 *
Fy(z,a) = N E bj:N 1{§j:N <w}
Jj=1
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where b;‘f: n are some coefficients depending on the sample Zy. Thus estimators of mo-
ments (2) constructed from F*(z,a) can be written as follows:

gin = [ 9(o) Fido,) = NZbJNg )

Our goal is to prove that such estimators are asymptotically normal, that is, to prove
the weak convergence of Y}’ y = VN (9%.5y — 9) to the normal distribution with zero
mathematical expectation.

It is shown in Theorem 2 of [2] that if the assumptions of Theorem 2] are satisfied
and

& = / 63 (x) Hy(d)

is finite for all H,,, m = 1,..., M, then Yj.n := \/N(g
normal distribution with zero mean and variance o2 = (

M 2
dj:N = Z ImWiin — <Z g_mw;nN> .
m=1 m=1

Theorem 3.1. Let the assumptions of Theorem 211 be satisfied. If g is a function of
bounded variation on R, then Yii y =Y for all g;. .

N — g) = Y where Y has the
(a)?d),

Remark. 1t is sufficient to assume that g is a function of bounded variation on supp H,,,
m=1,...,M.

Proof. Note that
Vin =V ( [ o0 Fitana) = [ o) f1tan)) = [ o) B (as.

According to Theorem E1] there exist processes B () and By (x) such that the distri-
bution of

Vi = / o(z) B (dz)

coincides with that of Y v, while the distribution of Y := [ g(x) By(dz) coincides with
that of Yy. Moreover sup,|B% (z) — By(x)| — 0 in probability.
Thus

|V — Y| = ’/ ) (Bx(dz) — By (dz)) ‘ '/ By (z) — Bn(2)) g(dz)

< Var, g(x) -sup|BN(x — Bn( ’—>0
x

in probability. This implies that the distribution of Y3 (thus the distribution of Y} )
weakly converges to the same limit as Y}y does, namely to Y.
The theorem is proved. O

Theorem 3.2. Let the assumptions of Theorem 2l hold. Assume that g is a monotone
continuous function and that for allm =1,..., M and some 0 < D,C < oo and v > 0

D
(13) Hp(7) < W

D
(14) 1 —Hp(x) < W

for all x < —C|

forallxz > C.

Then Yki;N =Y as N — +0.
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Remark. Any function g that has a bounded variation on all finite intervals can be
represented as g(x) = g*(x) — g~ (z) where g™ and g~ are monotone functions. Thus
Theorem holds for functions of bounded variation on all finite intervals if condi-
tions (I3)-(4) are satisfied for both g+ and g~. For example, these conditions for
g(z) = 2% are H,,(z) = O(|z|~*77) as x — —o0, and 1 — H,(z) = O(x~477) as & — oo.

4. PROOF OF THEOREMS

Lemma 4.1. Let X be a stochastic process on the interval [a,b] and let F be a nonde-
creasing function on the interval [a,b]. If

EIX(1) = X(t)]"|X (t2) = X (D" < (F(t2) — F(t1))*

for some vy >0 and a > 1/2 and all a <t <t <ty < b, then there exists a constant C
depending on « and vy such that

P{égaMﬁNZE}SPﬂXm)>dﬂ+FﬁX®N>eﬂ}+;;Ww)FMW“
for all e > 0.

Proof. If the assumptions of the lemma hold, then there exists a constant K < oo such
that

t€la,b]

<2K
S oy

P { sup min{| X (¢) — X (t1)|, | X (t2) — X(¢)|} > 6}
(15)

[F'(b) = Fa)| sup \F(t)—F(S)IZO"l=§TI§IF(6)—F(G)I2“

t,s€[a,b]

according to inequality (15.30) in [6]. If | X (¢)| > € for some point t € [a,b], then either
| X (a)| > €/2, or | X(t) — X(a)| > €/2, or | X (b) — X(t)| > €/2, or | X(b)| > €/2. Thus
inequality (1)) implies the lemma. a

Lemma 4.2. Let the assumptions of Theorem 211 hold. Then there exists C < oo
independent of N and such that

(16) P {igg |BX ()| > E} <P {igg |Bn(t)] > 6} <C(H*(z)e "+ H(zx)e?),

PEQBMMZ%gPﬁgBMwZ%§C«MH@W64HMHMk2)

foralle >0 and z € R.

Proof. We apply Lemma 1] on the interval (—oo,z| for v = 2 and o = 1 to prove the
second inequality in (I6). First we estimate

J := E(Bn(t) — Bn(t1))*(Bn(t2) — Bn(t))*.
Put

T]j(l‘,y) = ay:N (1{£j3N € [y,a:)} - P{gjiN € [y’x)})
Then

N
By (t) — By(s) = VLN S ny(s, )
i=1
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and
N
E Z 77] t tl 77k t tl)m(t%t)nm(t%t)
7,k,l,m=1
<Nz Z E(n; (. t1))? (i (b2, £))> + Eny (£, t1); (b2, ) (t, t1) 70 (b2, 1) }

J#k
N
Z (n; (£, t1)n; (t2,1))?,

since En; = 0 and 7, and 7, are independent for k # m.
Since

Euj(t.t1) < E(ayn)? H{En € [t 1)} < A2H ([t 8]) < A2H([t, 1)),

Enj(t,t1)n;(t2,t) = —(a;:n)* P{gin € [t1, 1]} P{gin € [t to]} < A2H([t1, t2]),
Eajn)* (L{&on € [1,1]} = P{&n € [t 1) (L{&n € [t 2]} — P{&on € [t,72]})°
< CA*H?([th, 1)),
and H(R) < M, we get J < C(H([t1,t2]))?. Thus Lemma ET] implies
C

(17) P{§1<JI;|BN(15)|>€} <P{|BN( )| > = }+€_4(H($))27
since By (—00) = H(—oc0) = 0.

Then
(18) P{|Bn(z)| <e/2} < D By (x) _ AQH(x)’

g2 - €
since D By (z) < N1 Z;-V:l(aj:N)Q P{&:n < x}. Now relations (I7) and (&) imply the
second inequality in (IG).
The first inequality in (6] holds, since BY;(z) > By(z) for all x and
Bi(t) = \/Nsuljt) (FN(y,a) - Hk(t)) = \/Nsu[z (BN(ZJ)/\/N—F Hi(y) — Hk(t))
y< y<

< sup By (y)
y<x

for t < z in view of Hy(y) — Hi(t) < 0 for y < t. The other inequalities of the lemma
can be proved similarly. |

Proof of Theorem[2Z2. We prove the first statement of the theorem. The other state-
ments are proved similarly. Put

_ |Bn(z)]
p=F {iili H(x)2s

and let z; be such that H(z;) =277. Then
| By ()|
P ————= >y CA;
{$j+1525<1j H(x)l/Q_(s -

where
A= {for all 7 < xj, By(z) < )\H1/2_5(1‘j+1)} .
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Applying Lemma 2] to the event A; for e; = NHY/?7%(x;,1) we get

pr < i P{4;} < iC’ (H?(z)e™* + H(z;)e?)

) 22] 2] » _2
B C.Zl A12(—2+48)j T \29(—1+28)) <CA " +XA%) =0 asA— +oo. O
]:

Lemma 4.3. Let the assumptions of Theorem 1] hold. If Hi(b) < % and H(c) > %,
then

P{3x<b:Fﬁ(x,a)#ﬁﬁ(m,a)}ﬂo, N — oo,
P{3x>c:Fﬁ(x,a);éﬁ'ﬁ(x,a)}ﬁO, N — 0.
Proof. Theorem [Z] above and Theorem 2.1 in [7] imply that

sup ‘Fi&(m,a) - Hk(x)‘ —0
T

and sup1|ﬁ'l§ (z,a) — Hp(z)| — 0 in probability as N — oo. Since Hy, is monotone, the
assumptions of the lemma imply

P{supﬁ';\;(x?a)>1/2}—>0, P{ir;fﬁ'N(x,a)<1/2}—>0
z<b z>c

as N — oo.
Taking into account (1)) we complete the proof of the lemma. O

Proof of Theorem[B2. We prove the theorem for the case of an increasing function g.
According to Theorem 2.1} there exist stochastic processes Bjj\[, and By such that Bﬁ
has the same distribution as Bjj\:,, and By has the same distribution as Bx. Moreover

sup ’Bﬁ(x) — By(z)] — 0
T

in probability as N — co. Note that Yki’N = [ g(x) BE(dzx) has the same distribution as
ffka, while Yk,N = [g(z) By (dz) has the same distribution as ffk,N. Thus Theorem [3.2]
follows, since Yki’N — Yk) ~ — 0 in probability. Note that for all b > 0

+o00
J =Yy — Y| = ‘/ (B3 (z) — By(2)) g(do)| < Ji + Jo + J3
where
_b . .
Ty = / |BE(2) — By (x)| g(da).

Jy = /boo |BE(2) — By ()| g(du).

Now we prove that for all « > 0 and € > 0 there are numbers b and Ny such that

(19) sup P{J3' >a} <&,
N>Nj

(20) sup P{J3 >a} <e.
N>Nj
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This will complete the proof of the theorem, since for all b

Ji < (9(b) = 9(=0)) sup | By (2) — Bn(z)[ — 0

lz|<b

in probability as N — oc.
Let us prove ([[9). (The proof of (20) is similar.) Let b be such that

Hi(b) < 1/2.
Then Lemma (3] shows that it is sufficient to prove that
supP{ij > a} <e
N

for sufficiently large b where J2 = JN + JN¥, JN = f::o |By ()| g(dx), and

b
3= [ 1B @) aldo)

To estimate J2Y we fix 7 and 0 < § < 3 such that
Y i=2+9)(1/2-6) > 1.

Theorem [Z2] implies that there exists A such that supy P{An} < € for the events

— [Bn ()]

If Ay occurs, then for all ¢ < r

c

By (t)] < AH'?7%(t) < POk

and, respectively,

v [ C
‘&Slw@ww“M<“

for b < 7. Therefore, b can be chosen large enough that JJ < /2 if Ay occurs. Hence
supy P{J > a/2} <supy P{An} <e.

The term J3) is estimated analogously. Therefore (IT) is proved and this completes
the proof of the theorem. O
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