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Abstract. The effectiveness of modern mathematical methods of implementation the comparative
approach in real estate evaluation is analyzed in the work. Within this approach the following mathematical
methods of determining corrective amendments to the value of the valuation object were analyzed: expert
method, method based on solving a system of linear equations, calculation method based on normalized
distances in the space of price-forming factors, and correlation-regression method. The main computing
formulas and the sequence of calculations for each of the researched methods are outlined. The main criteria
for choosing one or another method are defined on the basis of their advantages and disadvantages and
application restrictions. The results of a computational experiment investigating the degree of sensitivity of
mathematical methods regarding ways of formalization (digitization) of the initial qualitative information in
determining the value of real estate objects within a comparative approach are presented. It is represented
that the method of determining corrective amendments based on the solution of a system of linear equations
is the most sensitive to the choice of the method of digitization of the initial data, the method of calculation
based on normalized distances in the space of price-forming factors is less sensitive, and the correlation-
regression method is not sensitive at all.

Keywords: real estate, valuation of property and real estate, digitization of original data, comparative
approach in real estate valuation, value of real estate object.

Introduction. A valuation of property and property rights to real estate objects is an important
prerequisite for the functioning and development of civilized market relations. Therefore, solving the
problem of determination the true, fair price of real estate is important for the economy of our country and
has a scientific and applied nature.

The practice of domestic real estate valuation to some extent follows foreign methods but there is a
significant amount of own methodical developments of Ukrainian scientists whose the theory and practice is
presented in the scientific studies of Ya. Markus, S. Hrybovskyi, I. Levykina, V. VVoronin, B. Grabovetskii,
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S. Sivets, N. Maksyshko, V. Horlachuk, Y. Dekhtiarenko, A. Drapikovsky, Y. Kirichenko, M. Lyhogrud, A.
Liashchenko, Y. Palekha, L. Perovich, O. Petrakovska, V. Sydorenko, A. Tretiak, P. Cherniaha and many
other scientists.

Determining the market value of real estate objects is a time-consuming process based on the analysis
of many external and internal economic factors. According to methodological and legislative standpoints the
calculation of the value of real estate objects is based on the application of three approaches: cost (based on
the concept of costs), income (based on the theory of utility and expectations) and comparative (the
theoretical basis of which is the theory of supply and demand) [1].

In practice, the comparative (market) approach to real estate valuation is most often used. It involves
determining the value of the appraised object by comparing the prices of recent sales of similar objects on
the market.

The main idea of this approach is following: a rational buyer will not pay for a real estate object a
price higher than that one at which a similar real estate can be purchased.

The comparative approach can be implemented by means of various methods the application of which
depends on the specific conditions and valuation tasks.

Purpose and methods. One of the most difficult stage of implementation a comparative approach in
property and real estate valuation is the stage of choosing a definite technique of its implementation. It
requires the definition of certain scientifically based criteria for choosing one or another method.

Therefore, it is important to conduct an analysis of modern methods of implementation a comparative
approach in the valuation of property and real estate, to estimate the degree of existing methods and models
effectiveness and to offer the most effective tools for realization of assessment activities. These issues
determined the purpose of this work.

The purpose of the work is to analyze the effectiveness of modern mathematical methods of
implementation a comparative approach in real estate valuation and to investigate the degree of their
sensitivity to the formalization method (digitization) of the initial qualitative parameters (price-forming
factors).

The object of the research is mathematical methods implementing a comparative approach in real
estate valuation.

Research methods are mathematical and numerical modeling.

Research was conducted in two main directions:

1. Analysis of existing methods of implementation a comparative approach in real estate valuation,
determination of their advantages and disadvantages.

2. Computational experiment from research the sensitivity of mathematical methods of
implementation of the comparative approach in real estate valuation regarding the procedure of digitization
of initial data (price-forming factors).

Results and explanations. The simplest and most popular method of implementation a comparative
approach in property and real estate valuation is the expert method of determining the corrective
amendments [2]. It is based on making corrections to the value of similar objects according to certain price-
forming factors comparing them with the object of evaluation. Most often, amendments are made to the
conditions of sale, location, physical indicators of real estate, and others. At the same time, a certain step is
chosen based on the vision of a specific expert conducting the assessment. Most often, such a step is 5%. The
final value of the valuation object is output as an arithmetical mean, modal or median value.

It is clear that this method is not formalized in its essence, therefore it depends on the qualification of
the expert, the choice of price-forming factors and the calculation step.

A more substantiated and formalized method that implements a comparative approach in the property
and real estate valuation is the method of calculation of corrective amendments based on the solution of the
system of linear algebraic equations (SLAE) [3, 4].

According to this method, the value of the real estate object is determined by the formula:

V, =P+ AR, (1)
i=1

where V, is the value of the object of valuation,
P is the value of the i-th analog object,

AP; is adjustment of the price of the i-th analog object for its difference from the object of evaluation



according to the j-th price-forming factor,
m is the number of price-forming factors according to which the adjustment is performed.

According to model (1) a comparison of the evaluated object with each of the n selected analog
objects is provided sequentially:

V, — AX, AP, — AX, AP, —...— AX, AP, =P,
V, — AX, AP, — AX,AP, —...— AX, AP, =P, ?

V, — AX AP, — AX,,AP, —..AX,, AP, =P,

where Ax; s the difference of the values of the j-th price-forming factor for the valuation object and the i-

th analog object: Ax; =X,; —X; ;

AP; is contribution to the value of the valuation object of a unit of the j-th price-forming factor.
It is most convenient to find the solution of system (2) by the matrix method:

V=AX1.P, 3)
V, P
1 — _ 0 1
L i AP, P,

AX = : T, . y V = y P = ’ (4)
1 X ~Xom . .
AP, P,

where AX™" s inverse matrix to the matrix AX .

The main disadvantage of the represented method is that the number of analog objects must exceed the
number of factors by one (n=m+1), which is forced with the specifics of performing arithmetic operations
on matrices. This, of course, causes certain difficulties in its implementation.

A more formalized method of weighting factors calculation when determining the value of real estate
is the method of normalized distances in the space of price-forming factors, which is based on taking into
account the degree of proximity of analog objects to the valuation object.

This method gives good results even if there are significant differences in characteristics between the
evaluation object and analog objects.

Within this method, in the n-dimensional Euclidean space, center of coordinates is the valuation object
and each analog object corresponds to a separate point remote from the center of coordinates (valuation

object) by a distance |i determined by the formula [3, 4]:

I, = /i(Akij Y.i=1Ln
= ®)

AX;;
AK.. v

2(Axu— ) (6)

where Ax; characterizes the difference between the i-th analog object and the valuation object by the
j-th price-forming factor.

Each value |. is matched with its inverse value P zl—, which can be transformed into a weighting
i

factor according to the formula:
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The value of the valuation object is defined by the formula:

C = Zn:vi -C,, (8)
i=1

where C; is value of i-th analog object.

The advantage of this method is taking into account the degree of proximity of the valuation object to
analog objects. Also, this method has no limitations on the number of analog objects and price-forming
factors.

If there is a significant amount of information on analog objects then it is most appropriate to
determine the market value of the real estate object within multifactor regression analysis, which allows not
only to define the current market value of real estate objects, but also to establish causal relationships
between price-forming factors, and to predict qualitative and quantitative changes in the real estate market
[5, 6].

Within the correlation-regression method, mathematically, the task is reduced to finding an analytical
expression reflecting the most optimally the connection of factor characteristics with the outcome measure:

y:f(leXz’st--’Xn)_ 9)

The most difficult problem is the choice of the form of connection between the outcome measure and
factor characteristics. However, since any function of many variables can be linearized by logarithm or
substitution of variables, multiple regression equations can be expressed in linear form:

V=a,+a, X, +a,X, +..+a,X, (10)

where ¥V is calculated value of the outcome measure;
X, X,,.., X, are factor price-forming characteristics;

a,, &, a,, ...,a, are regression coefficients for the i-th factor.
The coefficients of equation (8) are calculated by the method of least squares. In the case of two-factor

regression we have:
Y V=na,+a Y X, +a,» X,
DIYX, =3, ) X +a Y X+, XX, (11)
DX, =, ) Xy +a Y X X, +a, ) X,

Each coefficient of the equation indicates the degree of influence of the corresponding factor on the
outcame indicator at a fixed position of the remaining factors.

In order to identify the comparative strength of influence of separate factors and their reserves, the
partial elasticity coefficients and beta-coefficients are calculated according to the formulas:

X Oy
8[:Clifl; ﬂ.:a-—’ (12)
y

where Yi , Oy are means and standard deviations of i-th factor;

V', o, are mean and standard deviation of outcome measure.



Partial coefficients of elasticity represent by how many percent, on average, the outcome measure will
change with a change of 1% of each factor with a fixed position of other factors.

The absolute advantage of the correlation-regression method is the ability to take into account the
variability of the real estate market, its stochastic nature and multifactoriality.

The value of real estate is known to depend on a number of price-forming factors, which are mostly of
a qualitative nature. Such factors may include the location of the object, its technical condition, availability
of landscaping, parking spaces, etc. Therefore, one of the main prerequisites for the application of any
mathematical method in real estate evaluation is the formalization of the initial information that cannot be
quantified, that is, its digitization.

Most often, in practice, the process of formalization (digitization) of qualitative parameters into
quantitative ones performs by assigning them certain points on an ordinal (ranking) scale, where the highest
point corresponds to the best quality of a certain parameter accordingly, the lowest point corresponds to the
worst quality. At the same time, the so-called "1-9" scale (Table 1) is quite popular [3].

Table 1. Rating scale «1-9»

Gradation of assessment Scale value
The worst factor value 1-2
Insignificant advantage 3-4
Significant advantage 5-6
Clear advantage 7-8
Absolute advantage 9

It is quite obvious that the use of the relative scale "1-9" depends on the subjectivity of the evaluator
and the initial ranking of quality parameters.

A logical gquestion arises, are all mathematical methods equally sensitive to the method of digitization
of the initial data and how does the choice of one or another score affect the final calculated value of the real
estate object? In order to answer these questions, within this work, a series of computational experiments
was conducted to investigate the sensitivity of the considered mathematical methods to the method of
formalization (digitization) of the initial quality parameters (price-forming factors).

When studying the sensitivity of mathematical methods to ways of formalization (digitization) of the
initial parameters it is advisable to evaluate them within the probability and statistical methods, while
determining the following characteristics of the sample (series of numerical experiments) [7]:

- the sample mean of the value of the real estate object of n experiments:

X=3% (13)

|1n

X; is the value of the real estate object obtained in the i-th numerical experiment;

- sample variance and standard deviation for the investigated sample:
n Y2 2
D=>"— _X* 5=+D (14)
izt N

For each of the above mathematical methods, a series of 10 computational experiments was carried
out, the main idea of which was to vary different methods of initial digitization of the original parameters
and to compare the obtained final results of the value of the valuation object. The initial data for the test
example are represented in Table 2 (E.O. is valuation object, A1-A5 are analog objects).

The analysis of the initial information (Table 2) allows us to conclude that all price-forming factors
affecting the final value of the object of assessment are of a qualitative nature. Among them, the price-
forming factor "availability of parking" should be formalized by using a binary variable, which will take the




value 1 if there is a parking space and 0 if there is no parking space. The other three price-forming factors
(location, technical condition, availability of landscaping) can be logically ranked, which makes it possible to
digitize them using a ranking scale. For example, the price-forming factor "technical condition" can be
ranked as follows: satisfactory - good - excellent. At the same time, the formalization of this parameter is
possible in various ways (for example, 1-2-3; 1-3-5, ...) [8].

Table 2. Initial test data about the valuation object and analog objects

Technical L . Availability of Availability Value

- ocation . . 2

condition landscaping of parking 1m

V.0. good central water supply, lighting available

Al good central all good things available 13500
A2 excellent median all good things available 13500
A3 satisfactory median water supply, lighting no 12900
A4 satisfactory median lighting available 12850
A5 satisfactory central without landscaping available 12900

Figure 1 represents the results of 10 numerical experiments on the calculation of the value of the test
real estate object by the method of determining corrective amendments based on the solution of the system of
linear equations (Method 1); on the basis of normalized distances in the space of price-forming factors
(Method 2); correlation-regression method (Method 3).

Summarizing the results of calculations obtained by various mathematical methods (Table 3), we can
conclude that the method of determining corrective amendments based on the solution of a system of linear
equations (Method 1) is the most sensitive to the choice of the method of digitizing the initial data, less
sensitive is the calculation method based on normalized distances in the space of price-forming factors

13400

13200

13000

12800

12600

12400

12200

The value of the valuation object , hrn

(Method 2) and not sensitive at all is correlation-regression method (Method 3).
12000

Experiment 1 2 3 4 5 6 7 8 9 10

® Method 1 13363 13269 12988 12900 12994 13225 13225 13133 13133 13047
= Method 2 13063 13055 13077 13053 13050 13069 13062 13058 13067 13062
® Method 3 13379 13379 13379 13379 13379 13379 13379 13379 13379 13379

Figure 1. — The results of a computational experiment on the sensitivity of mathematical methods for
the implementation of a comparative approach in real estate valuation in relation to the procedure for
digitizing the initial data



Pucynok 1 — Pe3ynpratu 00YNCIIOBATEHOTO SKCIIEPUMEHTY 13 TOCIIKEHHS Ty TIHMBOCTI
MaTeMaTHYHUX METOIB peati3allii HOpiBHUTEHOTO MiAXOAY B OIIHIII HEPYXOMOCTI OO MPOIIEIyPH
onudpyBaHHS BUXITHUX JAHUX

Table 3. The results of a computational experiment on the sensitivity of mathematical methods for the
implementation of a comparative approach in real estate valuation in relation to the procedure for digitizing
the initial data

Tabmuus 3 — PesynbTaTé 0OYMCIIOBaJBHOTO EKCHEPUMEHTY 13 JOCHI[HKEHHS YyTJIUBOCTI
MaTeMaTHYHUX METOJIB peami3allii MOPIBHAIBHOTO IAXOAY B OIIHII HEPYXOMOCTI IOAO TPOIETypH
onn(pyBaHHS BUXITHUX JAHUX

Sample mean of the value
of the valuated object, Standard deviation, hrn
hrn./m?

Method of determining corrective amendments
based on the solution of the system of linear 13127,6 137,8
equations (Method 1)

Method based on normalized distances in the

space of price-forming factors (Method 2) 13061.6 7,65

Correlation-regression method (Method 3) 13378,9 0

Conclusions and recommendations

Nowadays, the comparative approach is the most popular at evaluating property and real estate, due to
its flexibility and marketability. However, the application of known mathematical methods of implementing
a comparative approach is associated with certain limitations and conditions imposed on the initial
information about analog objects. Therefore, the evaluator must carefully and attentively approach the choice
of one or another calculation method.

A computational experiment of investigation the sensitivity of various mathematical methods to the
procedure of formalization (digitization) of the initial qualitative information at determining the value of real
estate objects within the comparative approach represents the following. The method of determining
corrective amendments based on the solution of a system of linear equations is the most sensitive to the
choice of the method of digitization of the initial data, the method of calculation based on normalized
distances in the space of price-forming factors is less sensitive, and the correlation-regression method is not
sensitive and this fact is its absolute advantage.
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AHoTauisi. B po0oTi npoBeneHo aHami3 eheKTHBHOCTI Cy4aCHUX MAaTeMaTHYHUX METOJIB peami3ariii
MOPIBHAUIBHOTO TMiAXOAY B OIIHII HEpyxoMocTi. B pamkax [gaHOro minxoay NpoaHalli3oBaHO Taki
MaTeMaTHYHI METOAM BH3HAUYEHHsS KOPUTYIOUMX IIONPAaBOK 10 BApTOCTI 00'€KTa OLIHKM SK: EKCIEPTHHH
METOZA, METOA Ha OCHOBI PO3B’SI3aHHS CHCTEMH JIHIMHUX pIBHAHb, METOJ PO3PaXxyHKy Ha OCHOBI
HOPMOBAHHX BIJICTAHEH B TPOCTOpi LIHOYTBOPIOIOYHMX (AKTOPIB Ta KOPEISIIHHO-pErpeciiHiii METO.I.
BuknaneHo OCHOBHI po3paxyHKOBI (pOpMyIHM Ta MOCIiAOBHICTH MPOBEACHHS PO3PAaXyHKIB U KOXKHOTO i3
TOCTI/DKYBaHUX METOJIB. BU3HAYeHO OCHOBHI KpHUTEpii BHOOPY TOTO UM IHIIIOTO METOJy Ha OCHOBI aHAIi3y
iX mepeBar i HEJOJIKIB, OOMEXKEHb II0J0 3acToCyBaHHs. [IpencTaBiieHO pe3yiabTaTh OOYHMCIIOBAIBLHOIO
CKCIIEPUMEHTY 13 JIOCIII/PKEHHS CTYNEHIO0 YyTJIMBOCTI MATeMaTUYHUX METOJIIB 111010 CIIOCO0iB (hopmartizarrii
(ommdpyBanHs) BUXiAHOI sKicHOI iH(oOpMaIlii pu BU3HAYEHHI BapTOCTI 00 €KTIB HEPYXOMOCTI B paMKax
MOpiBHIIbHOTO minxoay. IlokazaHo, 1m0 HAWOLIBII YyTIMBAM IO BiJHOIIEHHIO JIO BHOOPY CIIOCOOY
ouupyBaHHS BHXiJIHUX JaHUX € METOJI BHM3HAYCHHS KOPUTYIOUMX TOMPAaBOK HA OCHOBI PO3B’s3aHHS
CHCTEMH JHIMHUX PIBHSHB, MEHII YYTJIUBHM € METOJl PO3PaxyHKy Ha OCHOBI HOPMOBAHUX BiJICTaHEH B
MIPOCTOPI IIIHOYTBOPIOIOYHX (PAKTOPIB Ta B3arajii HE UyTIUBUM - KOPEISIiHHO-perpeciiHuil METO/I.

KurouoBi ciioBa: HepyxoMe MaifHO, OIlIHKa MaifHa Ta HEPYXOMOCTi, oM(pyBaHHS BUXIJIHUX AaHUX,
MOPIBHUTEHUI Ti/IX1JT B OIiHIII HEPYXOMOCTI, BapTiCTh 00’ €KTa HEPYXOMOCTI.
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