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Abstract. It is shown that the probability of making the right decision on the compliance of the object with the norms depends on the measurement uncertainty associated with the result of the measurement control of the object parameters and the length of the tolerance interval. The decisive rule on the suitability (unfitness) of the object of control should take into account both the possible uncertainty of the result and the requirements for the cost and complexity of the control procedure, as well as to the specified reliability. To improve the reliability of this procedure, a control method based on a sequential adaptive decision-making procedure is proposed, which takes into account the relationship of the parameters of the distribution law of the possible values of the controlled quantity, random effects in the measurement and the length of the tolerance interval. The decision-making procedure assumes consistently, depending on the result at the current stage, to introduce additional tolerance intervals, the length of which is determined by the parameters of the distribution function of random variables accompanying the measurements of the controlled parameters. The result of measurement of the controlled parameter is compared with these intervals, and decisions on continuation or completion of control with introduction of additional limits are made. This provides a reduction in the probability of erroneous decisions at each additional stage of control, since the time of the initial hit of the controlled value in a consistently calculated controlled interval is determined step by step. The use of a sequential adaptive procedure provides a given reliability of control and does not allow to carry out the control procedure in full for all possible values of the controlled value.
Keywords: Quality control,  Technological process,  Measurement inspection, Conformity assessment, Uncertainty of measurement, Adaptive successive algorithm, Probability of decision making.
1 Introduction

Inspection as a procedure of conformity assessment of products to the specified requirements is based, as a rule, on the results of measurement of a certain characteristic property of products. For the measured value, the requirements are set by the tolerance or compliance limits, which separate the intervals of permissible values of the measured value from their critical (invalid) values. The object meets the specified requirements when the value of its property (parameter) is within the tolerance [1]. 
The readings of the measuring system [2,3] reflect the information about the value of the controlled value using the measurement model, including the effects of both systematic and random effects (or their combination). If the influence of systematic effects can be taken into account (corrected) during the calibration of the measuring system, the effect of random effects remains and is estimated as uncertainty of the measurement result. Because of the measurement uncertainty, there is always a risk (probability) of making an erroneous decision about the compliance or non-compliance of the object (its parameter) with the established requirements on the basis of the measured value of the object property (its parameter). Thus, the assessment of compliance with the specified requirements is a probabilistic task based on measuring information. This paper is a continuation of authors’ works  [4-7] in this field.
2 Stated problem
Consider the case when the result of measurement z1 of the controlled parameter is in the zone of correspondence, for example, does not exceed the upper limit of the norm хL (z1 > хL). Naturally, the result of this measurement is decided that the product corresponds to the norm. But this result is actually the sum of the possible values of x0 of the controlled quantity X, and the values of the influencing random variable y0, i.e.  z1= x0 + y0. Therefore, the result z1 can correspond to the combinations of realizations of random variables (y1, y2) in the measurement of the relevant parameters х1 and х2, 

Thus, there are many combinations: z1 = (x1 + y1), z1 = (x2 + y2), etc. However, the same result of z1 can be obtained as z1 = x3 + y3,  or  z1 = x4 + y4, (y3 and y4 are the realizations of the random variable when measured, respectively, х3 and х4, which are less than the limit value).

In this case, an erroneous decision is made that the product corresponds to the norm, although in reality it is not, since both x3 and x4 are less than the limit value of хL. Such an erroneous solution is called an indefinite nonconformity of the product [8]. The probability of such an event depends on the possible value of the controlled quantity, as well as the type and parameters of the distribution function of possible values of the influencing random variable y0. We accept, as it is done in most practical cases, that the distribution of the value y0 is normal. From the above we can conclude that the farther from the limit value xL is the value of the controlled value of the property of the object X, not corresponding to the norm, the less likely an erroneous decision on compliance.
3 Disadvantages of the used methods 
The measurement accuracy, which depends on the accuracy of the measuring system used during the control procedure, is estimated by expanded uncertainty U = 2um [7], [9] taking into account the standard uncertainty of measurand um. In this regard, starting with the value of the controlled value, which is more than the limit value of the expanded uncertainty U, erroneous decisions can occur with a probability of 0.05, which is a satisfactory result in practice.

In the case where the interests of the customer have priority, in order to obtain the probability of making a decision is not less than the specified (permissible), in the documents [10-12], it is proposed to introduce a guard band w. To form a guard band allows the introduction of the acceptance interval, the acceptance limits of which are spaced from the tolerance limits (shifted to the middle of the tolerance) on the guard band
w = U = 2um.
Fig. 4 shows as the upper acceptance limit хUꞌ located on the inner side relative to the upper tolerance limit хU, determines an acceptance interval that reduces the probability of mistakenly accepting non-conforming item (consumer's risk). By convention, the length parameter w associated with the guard band is a positive value:
w = хU – хU’ > 0.
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Fig. 4. Location guard band.
The decision rule based on the guard band is called guarded acceptance or guardbanding [13]. In the literature, this concept is known as a specification zone in acceptance [14], in [15] in order to demonstrate compliance with technical requirements, default setting guarded acceptance rule, and an acceptance interval is called a conformance zone. The width of this band should be equal to the standard uncertainty, beyond which the residual effect of random variables does not exceed 5%. This is exactly what is recommended in the document [10].

The method of decision-making on compliance with the imposition of guard bands can reduce the probability of first-rank error by increasing the probability of second-rank error. This is achieved by a corresponding offset of the acceptance limits relative to the tolerance limits. Thus, the introduction of guard bands between the limits of the tolerance interval and the corresponding acceptance limit may lead to losses of the manufacturer, which, under certain conditions, may be significant. 

The direct way to reduce the impact of measurement uncertainty on the correctness of the decision on compliance is to increase the requirements for the accuracy of the measuring system. But this leads to an increase in its complexity, and therefore to an increase in its cost, size and weight. This increases the measurement time, decreases the speed of the measuring system, which is inversely proportional to the complexity of the measuring system. It is known that the effectiveness of the decision-making procedure E on compliance with the control is a functional control reliability B, performance P and cost C 
Е = F (P ∙В ∙С).
Thus, solving the problem of improving the efficiency of control, the gain is achieved on one indicator-the probability of making a decision on compliance, and the loss on the other two – productivity and cost [16].

Another approach to reduce the influence of measurement uncertainty is to conduct multiple observations of the controlled value, and as a result of measuring the characteristic, the arithmetic mean value is taken. But this approach also has significant drawbacks.

First, although the standard uncertainty u decreases by a factor 
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, the volume of control and measurement operations increases by Wn times (W is the number of controlled objects, and n is the number of parallel observations). But the further "is" controlled value from the limiting value, the lower the probability of the situation when it can be taken wrong decision about compliance. Moreover, there is a certain range of possible values of the controlled value for which erroneous decisions on compliance cannot be made. In this case, you do not need to conduct additional experiments. Thus, the direct carrying out of additional observations with their subsequent averaging has redundancy.

Direct access of the situations considered above, is the use of positive properties of each approach: inserting the protective strip, that is, acceptance of the border xLꞌ, xUꞌ,  which shifted inwards tolerance interval for the value of extended uncertainty, and the presence of the primary measurements n additional observations. This provides a reduction in material costs that arise when deciding on compliance. For objects, the results of the primary transformations which are in the interval (хUꞌ, хU) or (хLꞌ, xL), a decision is made under, and for objects, the results of which are not located in these intervals is carried out n parallel observations.

We will analyze how this will increase the volume of control and measurement operations. Without breaking the generality of the obtained conclusions, we will consider the situations that arise in the area of the lower limit value of xL in the evaluation of the conformity of the object.

The number of objects s0, which after the primary control and measurement operation requires additional observations, is a discrete random variable that can take the values l = 0, 1,..., W, that is, the case when the interval (xL, xLꞌ) gets the results of observations of all objects.

We denote by p the probability that a decision is made on the compliance of the object with the norms, and this control ends. Then q = 1-p is the probability that the result of the initial (primary) measurement was in the zone of uncertainty, and there is a need to move to a sequential procedure. The probability that the discrete random number of hits of the results of the primary results will take the value of l from a possible number W is equal to

 P{s0 = l } = 
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The expectation of a random variable s0, which can take values 
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Then the mathematical expectation of full volume of control and measuring operations taking into account the main primary and additional control and measuring operations is:
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The increase in the volume of control and measurement operations in comparison with the initial (primary) volume V0 = W is determined as
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(4)  

However, the distance at which the value of the controlled quantity is relative to the limit value was not taken into account. This distance depends on the parameters of the distribution function of the possible values of the controlled value and may affect the adoption of an erroneous decision on the discrepancy.
4 Sequential control procedure
To take into account the law of distribution of possible values of the controlled value, it is advisable to organize the control procedure so that, based on a preliminary assessment of the value of the controlled value, a decision on the need for additional observations.

In this case, the decision to extend or complete the control procedure is made at each current stage and depends on the influence of random variables in the previous stages. This procedure is called sequential in statistics [17]. A feature of the control with the introduction of a sequential procedure is a differentiated approach, which consists in the evaluation of each object entering the control, and individual clarification of its condition. In the traditional integral approach, a fixed number of multiple measurements for all controlled objects is carried out, followed by averaging the results.

The total number of measurements (volume), including the steps of the sequential procedure is
VW(r) = W + s0 + s1 +…+sr,

where r – is the number of stages; s0 – is the number of objects of primary measurement, the results of which fell into the interval (хL, хLꞌ) and it is decided to carry out an additional control and measurement operation; s1 – the number of objects, the results of which after the first additional stage remained in the interval (хL, хLꞌ), and it is decided to conduct a second additional control and measurement operation, etc.
Since the number r of additional stages of the sequential control and measurement procedure for each specific set (batch) of objects is a random value associated with the distribution function of the controlled quantity f(x) and the possible values of the influencing quantities f1(y), then s0 + s1 +...+sr are random values. Then the mathematical expectation of the total volume of control and measuring operations is

МVW(r) = W + Мs0 + Мs1 +…+Мsr.                                 (5)

Thus, after controlling for s0 object in the first additional step, the measurement results which fall into the interva (хL, хLꞌ), part of the results will be more хLꞌ, i.e. zi > хLꞌ and the decision on the match object standards. There is a part of objects from the subset s0, the results of which parameters measurement will be less than хL, i.e. zi < хL, and the decision on discrepancy is made.
But there is still a part of objects s1 – which after the first additional stage of n observations remained in the interval (хL, хLꞌ). For them, it is decided to hold the second additional stage.
Since s0 and s1 are dependent quantities, it is necessary to determine the expectation conditions
Мs1 = М(М s1| s0).
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Since the expectation of a discrete random variable s1|s0, which takes values from 0 to l, is equal to the sum of the products of the values of this value and the probability of occurrence of such an event, we obtain
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Thus, the number of control and measuring operations at the first additional stage is determined by the expression 
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After similar mathematical transformations, we obtain an expression for the mathematical expectation of the total (taking into account r additional stages) control volume when applying a sequential procedure 
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Using the formula for the sum of the geometric progression, the expression (6) is written as
Thus, the increase in the volume of control and measurement operations is
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(7)

If we compare the expressions (7) and (4), characterizing the increase in the volume of control and measurement operations in relation to the volume with simple acceptance, we can conclude that the method of sequential decision-making has a much smaller increase in the volume of control and measurement operations.

Thus, the method of sequential decision-making with fixed limit values of the controlled value can improve the reliability of control at a lower time cost, and therefore reduces the cost of production without loss of quality.
5 Relationship of measurement uncertainty and the probability of making a decision on the compliance of the object of control
There are such enterprises in which the varieties of one type of product can change quite often. This is due to the change in the length of the tolerance interval, and the uncertainty of the measurement procedure, which precedes the control, remains unchanged.

We define the relationship between the probability of erroneous decisions and the standard uncertainty of measurements. To do this, we use the ratio of the length of the tolerance interval and the standard uncertainty um. In the document [10] the parameter characterizing quality of measurement concerning requirements to object of control which are set in the form of the admission is entered. This parameter is called the measurement capability index and is defined as
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where хU, хL – tolerance limits, upper and lower; U = 2um – expanded uncertainty with coverage factor k = 2; Т – tolerance.

It follows from equality (8) that Cm > 4 at um ≤ T/16. The coefficient 4 is selected using the coverage interval [z-2um; z +2um]. Based on the value of the measurement capability index Cm, it is possible to calculate the a priori probability of compliance of the object with the specified norms for the tolerance limits (хU, хL).

Consider the case of a two-sided tolerance interval, since it is known that a one- sided tolerance interval is a special case of a two-sided one, where one limit is explicitly set (its value is recorded in the relevant regulations), the other limit is set implicitly, based on physical or theoretical reasons.

According to the normal distribution function of possible deviations of the measurement results z from the true value of the measured value x, the conformance probability is calculated as
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where Ф(a[image: image11.png]Sl e at




 – Laplace function.
The measured value which is within the tolerance interval Т = хU – хL is entered. For values in the tolerances area the relative value is
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which takes values
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Substituting the expression (10) in the expression (9), after some transformations, we obtain a dependence that relates the conformance probability and the measurement capability index, which takes into account the relative value of the controlled quantity
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In Fig. 5 is diagram which shows at what ratios Cm and 
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 value of conformance probability pc remains constant and equals 95% for values of the size lying in the range is given within the range 
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 The curve separates the matching (shaded) and nonconformity (unshaded) areas. As you can see in Fig. 5 when Cm = 1 (um = T/4), the conformance probability pc ≥ 95% is valid only for the relative controlled values in the range 
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 To expand the range of possible controlled values, it is necessary to increase the value of Cm. A direct way to achieve this is to reduce the uncertainty of measurement um. 
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Fig. 5. A diagram that shows at what ratios Сm and 
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  the conformance probability рс remains constant and equal to 95%.
Since the measuring instruments on the production line remain the same, the instrumental component of measurement uncertainty remains the same. This leads to a change in Cm, which in turn affects the conformance probability, and ultimately, the probability of making the right decision on the results of inspection.
6 The Procedure of implementation of the method of the adaptive control values
In order to avoid possible disadvantages associated with the introduction of guard bands, conducting multiple measurements and increase in the accuracy of devices, it is proposed a serial adaptive method of decision-making on conformity (adaptive control of limit values).

At the beginning of the decision-making procedure, based on the real ratio of the length of the tolerance interval and measurement uncertainty (Fig. 5), the output relative control limits 
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 are defined, which correspond to the probability of making a decision on the conformity of the object рс = 95%. Based on the expression (10) the relative values of these control limits are
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the control limits for the primary control measurement are
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The primary measurement result z1 is compared with these reference limit values. If z1 is within range
x1н  ≤ z1 ≤  х1в ,                                                 (14)

then with probability pc ≥ 95% the decision on compliance of object (parameter) to the set norms is made and the control procedure comes to the end.

If the inequality (14) is not satisfied then proceed to the procedure of adaptive determination of control limits and comparison with them of the calculated average value of the results of two parallel observations:
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It is assumed that the systematic effects were taken into account in the calibration of the measuring system.

The value of the relative control limits is found on the same chart (Fig. 5) for the adjusted measurement capability indicator
С1 = T/4u1,
where u1 = uс/√2 .
The absolute values of the control limits in the second stage x2L and x2U are calculated by formulas (12) and (13), where the output values are 
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, which are found on the chart (Fig. 5) for C1. Again, it is checked if the following inequality is satisfied but with different control limits

[image: image30.wmf].

х

z

х

U

L

2

2

2

£

£


If the inequality is satisfied, the decision on compliance is made. Otherwise, the third measurement is carried out, and the average value of the three measurements is compared with the new calculated limits x3L and x3U, etc.

The number of additional measurements for each controlled object depends on the probability of hitting i + 1 average value between the control limits of this interval, provided that in the previous stage the average value was between the control limits of the i-th control interval, however, the probability of compliance was less than 0.95.

7 Conclusions
Measurement uncertainty leads to erroneous decisions about product compliance with established standards. Introducing a guard band practically eliminates the influence of measurement uncertainty on the decision made. However, this leads to an error of the first kind - loss of the manufacturer.

Conducting a fixed number of n additional measurements of a controlled quantity for results that were in the guard band, increases the volume of control and measurement operations by qn. So, with the probability of a measurement result falling into the guard band q = 0.1-0.15 and two additional measurements of the controlled quantity, the relative increase in volume of measurements will be from 10% to 20%.

The use of a sequential procedure for detecting conformity of an object in the event of a measurement result falling into the guard band allows, with a slight increase in the volume of control and measurement operations, to reduce the probability of a first-kind error. So, for the same q values, the relative increase in the measurement volume will be from 1.1% to 2.5%. Such an algorithm for reducing the first kind error is recommended for use in serial production, when it is possible to choose measuring equipment, and thereby provide the required indicator of measuring capabilities.

With a small production, the product range can change even within one day, and the measuring equipment remains the same, which changes the indicator of measurement capabilities, and hence the likelihood of compliance. In this case, it is effective to apply a sequential procedure with an adaptive change of control values.
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